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Abstract

In this paper we address the Optimum Communication Spanning Tree Problem.
We present a formulation that uses three index variables and we propose several
families of inequalities, which can be used to reinforce the formulation. Preliminary
computational experiments are very promising.
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1 Introduction

In the Optimum Communication Spanning Tree Problem (OCSTP) a given
set of n origin/demand points with communication requirements between
them must be connected by a tree. The communication cost between an
origin/destination pair, depends both on the communication requirement and
on the distance on the tree between the nodes of the pair. The OCSTP is to
find a spanning tree of minimum total communication cost.

The OCSTP was originally introduced by Hu [9]. Despite of its appar-
ent simplicity, the OCSTP turns out to be a very challenging combinatorial
optimization problem. Johnson, Lenstra, and Rinnooy Kan [10] proved that
finding an OCST is NP-hard, even if all origin/destination pairs have the
same communication requirement. Moreover, unless NP = P , no polynomial
time approximation scheme exists since the problem is MAX SNP-hard [12].
Yet, [9] presented two particular cases of the OCSTP defined on a complete
graph that can be solved in polynomial time. The first one is the Optimum
Requirement Spanning Tree Problem where, in the original graph, the dis-
tance between all pairs of nodes is the same. In this case, an optimal solution
is given by a Gomory-Hu tree of an associated network. The second one is the
Optimum Distance Spanning Tree Problem, where all pairs of nodes have the
same communication requirements. Now, under some additional assumptions,
the optimal solution has a star topology.

In addition to a broad range of applications within telecommunication,
transportation, and computer networks, the OCST appears as a subproblem
in some Network Hub Location Problems. For instance, in the Tree-of-Hubs
Location Problem (THLP) (see [5,6]), when both the set of hubs and the
allocation pattern of nodes to hubs are known, the problem can be polynomi-
ally transformed into an OCSTP. Thus, efficient solution procedures for the
OCSTP may also serve as subroutines for solution procedures for the THLP.

To the best of our knowledge, there is only one algorithm, due to Ahuja
and Murty [1], for optimally solving the general case of the OCSTP. It is a
combinatorial branch & bound algorithm, which uses lower planes to obtain a
valid lower bound at every node of the branch & bound tree. With this algo-
rithm the authors were able to prove the optimality of the obtained solutions
for sparse instances with up to 40 nodes. Rothlauf [13] modeled the OCSTP
as an integer linear program, which was able to obtain optimal solutions for
instances with up to 12 nodes in reasonable computational times. Contreras
[2] (see also [3]) proposed another integer programming formulation which,
enforced with additional valid inequalities, was able to produce optimal so-



lutions for instances with up to 25 nodes in reasonable computational times.
Contreras, Fernández and Maŕın [4] presented a Lagrangean relaxation which
produced good lower and upper bounds for instances with up to 50 nodes.
To the best of our knowledge no exact algorithm exists able to solve medium
sized instances for the general case.

One of the main issues in the search for a successful formulation for the
OCSTP is to find a trade off between the number of variables in the formu-
lation and the tightness of the Linear Programming (LP) bound. It is known
that formulations with path-based 4 index variables produce very tight lower
bounds for the OCSTP [4]. However, the main drawback of such formulations
is the number of variables they require, since each origin/demand pair requires
as many variables as arcs the network has. In practice, this makes it impossi-
ble to solve instances with more than 30 nodes with a general purpose solver.
On the other hand, it is possible to formulate the OCSTP using only 2 index
variables [7] but, for the moment, such formulations are not tight enough so
as to solve instances with more than 25 nodes in reasonable computing times.
In this paper we study formulations for the OCSTP with 3 index variables,
which can be seen as a compromise between the above two types of formula-
tions. For each fixed origin, the 3 index variables are obtained by aggregating
over all possible destinations the path–based 4 index variables. The resulting
formulation models the intersection of a series of spanning trees, each of them
rooted at one different origin, in the spirit of recent formulations for other
problems [8,11]. Basic versions of 3 index formulations are still incapable of
solving moderate size instances. Nevertheless, preliminary results indicate
that they can be reinforced with different types of valid inequalities so as to
yield promising results.

The structure of the paper is the following. In Section 2 we first recall the
formal definition of the Optimum Communication Spanning Tree Problem.
Then, we introduce the basic 3 index formulation for the OCSTP with which
we will work. Section 3 presents different types of valid inequalities, which
reinforce the basic formulation. In Section 4 we conclude the paper with some
comments and guidelines for further research.

2 Optimum Communication Spanning Trees

The Optimum Communication Spanning Tree Problem (OCSTP) is formally
defined as follows. LetG=(V,E) be a complete undirected graph with n = |V |
nodes and m = |E| edges, c : E → R+ a cost function over the edges, and
r :V ×V →R+ ∪ {0} a communication requirement function between pairs of



nodes. Without loss of generality we assume that rji = 0 for j > i. If needed
we redefine rij as rij + rji for all i, j ∈ V , i < j.

The solution space of the OCSTP is the set of all spanning trees of G. For
a given spanning tree T of G,

the communication cost over T of a pair of nodes i, j ∈ V , i %= j, is
defined as the cost (length) with respect to c of the (unique) path in T that
connects i and j, cTij, multiplied by the communication requirement between
the pair: cTijrij.

the total communication cost of T is the sum of the communication costs
over T of all pairs of nodes:

∑
i !=j c

T
ijrij. Note that the total communication

cost of T can be evaluated in O(n2) time.

The OCSTP is to find a spanning tree of G of minimum total communi-
cation cost.

Remark 2.1 There is an alternative way of computing the communication
cost of a tree T , which takes into account that T contains a unique com-
munication path connecting each origin/destination pair. Let fT

ij denote the
total amount of flow that circulates through any of the two directions of (i, j).
Note that fT

ij is the sum of the communication requirements of all the ori-
gin/destination pairs that use either (i, j) of (j, i) in their communication path.
Then, the communication cost of T can also be computed as

∑
i,j∈V :jı cijf

T
ij .

To formulate the OCST we use a set of binary variables which indicate
the edges that are used in the tree. For all i, j ∈ V , i < j, let xij = 1 if
edge (i, j) is in in the tree, and 0 otherwise. In addition, for each u ∈ V we
define a continuous set of variables, denoted fuij, to indicate how the flow
Ou =

∑
v>u ruv originated at u circulates through the tree defined by x. For

u, i, j ∈ V , i %= j, fuij indicates the flow with origin in u through arc (i, j).
To represent the arcs that are used for sending the flow originated at u, we
define for all i, j ∈ V , i %= j, a binary decision variable yuij which takes the
value 1 if arc (i, j) is used for sending the flow originated at u. Then, a valid
formulation for the OCST is:

min
∑

i,j∈V ;i<j

cij
∑

u∈V

(fuij + fuji)(1)

∑

j∈V V \{u}

fuuj =Ou u ∈ V(2)

∑

j∈V \{i,u}

fuij −
∑

j∈V ;j !=i,j !=u

fuji =−rui u, i ∈ V(3)



fuij ≤Myuij u, i, j ∈ V, j > i(4)

fuji≤Myuji u, i, j ∈ V, j > i(5)
∑

i,j∈V ;j !=i,j !=u

yuij = n− 1 u ∈ V(6)

yuij + yuji≤ xij u, i, j ∈ V, j > i(7)
∑

i,j∈V ;j>i

xij = n− 1(8)

xij, yuij ∈ {0, 1}, fuij ≥ 0 i, j, u ∈ V, j > i(9)

For each u ∈ V , constraints (2)–(3) model a flow of value Ou with origin
at u and destination ruv for v ∈ V . Constraints (4) and (5) relate the f
and the y variables by activating the arcs that are used for routing the flows.
Together with cardinality constraints (6), constraints (2)–(5) guarantee that,
for each u ∈ V , the arcs used for sending the flow Ou define a spanning tree.
Constraints (7) relate the x and the y variables by imposing that if an arc
is used for sending some flow, then associated edge is in the tree. These
constraints will hold as equality for instances where communication exists
between all pairs of nodes, i.e. rij + rji > 0 for all i, j ∈ V, j > i. Otherwise,
some of these constraints will hold as strict inequality. Finally, constraint (8)
guarantees that all the flows define the same spanning tree, by limiting the
total number of edges to n− 1.

In constraints (4) and (5) M is a sufficiently large constant, whose value
may affect significantly the effectiveness of the constraints. We use M =
Ou − rmu, where rmu = minv>u ruv.

Indeed, there are several alternatives for modeling the relation between
the f and x variables. In our formulation, this is done via the intermediate
y variables and constraints (4)-(5) and (7). An alternative would be to omit
the y variables and to substitute the above three sets of constraints by

fuij + fuji ≤Mxij u, i, j ∈ V, j > i.(10)

However, for instances where communication requirements do not exist
between all pairs of nodes, our formulation may give is tighter LP bounds
because, as mentioned, some inequalities (7) will hold as strict inequality.

3 Valid inequalities

In this section we present several families of valid inequalities that can be used
to reinforce formulation (1)–(9).

(a) Vertex cutset inequalities. For all u ∈ V at least one arc must leave



vertex u, i.e.

∑

j∈V \{u}

yuuj ≥ 1.

On the other hand, for all u, i ∈ V , u %= i exactly one arc associated
with the flow emanating from u must enter i, i.e.

∑

j∈V \{i}

yuji = 1.

(b) Set cutset inequalities. For S ⊂ V

x (δ(S)) ≥ 1.

(c) Min-cut values inequalities. Let mij denote the value of the min-cut
separating i and j in the original graph, relative to a capacity vector
given by r. For all i, j ∈ V , i < j, the following inequalities are valid:

mijxij ≤
∑

u∈V \{j}

fuij +
∑

u∈V \{i}

fuji.

∑

u∈V \{j}

rujyuij +
∑

u∈V \{i}

ruiyuji ≤
∑

u∈V \{j}

fuij +
∑

u∈V \{i}

fuji.

(d) Minimum flows trough arcs. For u, i, j ∈ V , i < j, the following
inequality must hold:

rujyuij + ruiyuji ≤ fuij + fuji.

Let k1 = max{muj,mij} and k2 = max{miu,mij}. The following lower
bound on the flows must hold:

k1yuij + k2yuji ≤
∑

u∈V \{j}

fuij +
∑

u∈V \{i}

fuji.

4 Comments and guidelines for further research

We have run a series of preliminary experiments with benchmark in-
stances from the literature using a general purpose commercial solver.



Broadly speaking the obtained numerical results indicate the following:

• The bound of the LP relaxation of formulation (1)–(9) lies within 60–
70% of the optimal value. As could be expected, the quality of the
bound seems to deteriorate as the size of the instances increase.

• The effect of the cutset inequalities presented in items (a) and (b) seem
to be very limited. For the moment we have no indication that they
can be useful for the proposed formulation.

• The inequalities which seem to have more impact are the ones of item
(c), derived from min-cut values. Depending on the instance, these
inequalities reinforce the lower bound to 80–95% of the optimal value.

• The inequalities imposing lower bounds on the flows through used arcs,
presented in item (d) also improve the quality of the lower bound. This
additional improvement is larger in the instances for which the min-cut
values inequalities were not so effective. When both families are added
the obtained lower bounds are beyond 90% of the optimal values.

• The computing times can be improved by removing constraints (b) and
(c) from the original formulation and by dynamically separating them.
That is, they are incorporated to the formulation only if they are vio-
lated by the current LP solution.
From the results obtained so far it is clear that further research is

needed to assess the interest of the proposed formulation. The obtained
results suggest exploring further types of inequalities derived from min-
cut values. Another avenue of research focuses on obtaining tight bounds
for the costs of the flows through the used origin/destination paths.
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