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Abstract. Recently, a complete linear description of the traveling sales-
man polytope on 9 nodes has been computed. In this report we dis-
cuss henristic separation procedures for making use of these “small”
facets in a general branch-and-cut-code for solving the traveling sales-
man problem. It will be shown that this approach is particularly suited
for implementation on parallel hardware. Aspects of parallelization and
computational results are discussed.
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. The traveling salesman problem, i.e. the problem of finding a shortest roundtrip

ough a set of cities, is one of the most prominent problems in the area of combinato-
ial optimization (see 2] for a survey). A well-established method for solving TSPs to
timality or for providing provably good solutions is the branch & cut approach{[3]),
hich is a special variant of the branch & bound principle. The crucial part of a branch
ound algorithm is the computation of lower bounds (for minimization problems).
branch & cut approach, lower bounds are obtained from linear-programming (LP)

Let K, = (V,, £,) denote the complete undirected graph on n nodes. For F C E,
any 2 € RZ*, x(F) denotes the sum Y.epz. Foranodeset WCV,, E(W)C E,
es the edge set {uv € E, | u,v € W} and §(W) C E, denotes the edge set
€E, |ueWuveV,\ W} We call (W) a cut with shores W and ¥, \ W. A
tonian cycle is a subgraph H = (V,,T) of K, satisfying the following requirements
all nodes of H have degree 2,

H is connected.

- following, we will call the edge set T Hamiltonian cycle, The solution set of the
- 15 the set of all Hamiltonian cycles of K.

Jiven an objective function ¢ € RE" which associates a “length” ¢, with every edge
n the TSP consists of finding a shortest Hamiltonian cycle in K. If we associate

T
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with every edge ¢ of E, the variable z., then the TSP can be solved by finding a solutio

Table 1: Facet structure of STSP(n)
of the following integer linear program:

min ez n Hamiltonian cycles | facets of STSP({n) | classes of facets
at. S({v])=2forallveV, (1.1) 3 1 0 0
2{E,(S)) = 2forall@ #S CV, (1.2) 4 3 3 1
0< 2z <1, forall e € By (1.3) 9 12 20 2
z, integer, for all e € B, (1.4) 6 60 100 4
-7 360 3437 7
A first linear programming relaxation, the subtour relaxation, is obtained by eli 8 2,520 194,187 24
inating the integrality requirement (1.4). This relaxation can be tightened by adding 9 20,160 42,104,442 192

further inequalities. Note, that already the subtour relaxation is formulated using at
exponential number (in r) of inequalities. Better relaxations even need a much larger
number of additional inequalities. Therefore, to solve the resulting linear programmiﬂg'
problem, one follows the so-called cutting plane principle to avoid listing all necessar
inequalities explicitly. A cutting plane algorithm starts with some initial relaxatio
say consisting of (1.1) and (1.3) and then adds further inequalities as needed. More
precisely, 25 soon as the optimal solution T of some LP relaxation is determined whi
is not integral, a separation algorithm tries to identify inequalities which are violated
by E, but satisfied by all integer solutions of (1.1) - (1.3). As long as such inequal
are found, they are added to the current relaxation and the new LP is solved elc.
Separation algorithms are known for the subtour dimination constraints (1.2), for
comb-, clique-tree-, and path- inequalities (4], (1}). These algorithmas are able to expl
special structure of the inequalities. i
However, for most classes of inequalities no efficient separation procedures
known. In this report we describe how further inequalities can be identified. T
corresponding separation heuristics are based on complete linear descriptions of sm
TSP polytopes.

Due to the symmetric structure of STSP(n) many inequalities can be obtained by
his way. Statistics on the facet structure of STSP{n) for n up to 9 are given in Table 1.
o An important issue of any nontrivial STSP-facet is, that it can be exiended by
ifting operations ([5]). Let fz < fo be a valid inequality for STSP(r). For any given
- Vn, define the clique-weight

£ = max{fin + fin — fis | 1,J € W \ {h},i # j}

Consider now the complete graph Koz = (Vagr, Baps) = (Vo U 5, Enye), |5| = E
We say that the inequality f*z < f§ for STSP(n + k) is obtained by clique-lifting of
7 L fowrt node hif f*z £ fo + €k and

fu-u U E ‘/n,UEV“.,
fw=19 fiw w€SveVa\{R},

¢ uweSu{rlve SU{k}.

an be proved that any inequality resulting from such a lifting operation is valid for
SP(n + k). Moreover, if k¥ 2 2, then the extended inequalily is facet-inducing, if
"< fo is facet-inducing.

-By adding the equations of (1.1) in a suitable way, every facet-inducing inequality
STSP(n) can be transformed to a so called h-normal form with

2. Small traveling salesman polytopes

With every Hamiltonian cycle T € E, we assodate its incidence vector x
{0,1}¥" defined by
o 1 fee T,
Xe =10 ifeg¢T

The 1raveling salesman polytope is the convex hull of all Hamiltonian cycles

a) fz20,
b) fu=0forsomeh eV, forallu €V, u#h.

tNote that an inequality in A-normal form which is facet-inducing for STSP(n) is
STSP(n) = conv{x” | T C £, is a Hamiltonian cycle}. o facet-inducing for STSP(n + k), k = 2, (trivial-lifting).
The linear description of STSP(n) is given by (1.1), (1.2), (1.3) and many furt
inequalities. However, while it is known that no equations have to be added to thos:
(1.1), no complete knowledge of all necessary inequalities is available and it is unlil
that such a complete description can be given in general.

Using our software PORTA, which is based on the Fourier-Motzkin eliminat
method for eliminating variables in a system of linesr inequalities, we computed

complete linear description of STSP(n) for n =3,4,...,9. onding variable in the linear program. If 7 is fractional, we want to identify an

E'very‘ facet-i.nf:luc.ing inequality can be transformed to a unique normal form . uality fz < fo that is valid or even facet-inducing for STSP(n) but violated by T
say, iwo inequalities in normal form fx < f; and gz < go belong to the same class 1T > fo. ?

permutation @ : {1,...,n} = {1,...,n} exists such that ol f) := fotwye(n) = 9-

| i W i
eparation heuristics

Ve now describe a general separation heuristic for small facets.

t Z be the optimal solution of the current LP relaxation, where we assume that
quations (1.1) and all inequalities (1,2}, (1.3) are satisfied. We define the Graph
} = (Vh, En, T) by associating with every edge e € E, the value T, of its cor-
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be separated; in the experiments here, the 192 classes of facets of STSP(9) were
ibuted to the four processors such that each processor had to treat 48 of these
asses. (In fact, some of the 192 classes are trivial or subtour elimination constraints.
se were ignored.) For every class of inequalities a processor is responsible for, it
ecutes the separation heuristic described in section 3. Violated inequalities are sent
the host. The host collects these violated inequalities and it halts separation on the
parallel processors if enough violated inequalities {depending on the chosen strategy)
vere found. These inequalities are added to the current LP and ;he standard branch
t code continues.
or comrmunication between host and parallel machine we use several logical chan-
which are physically realized as files. Although a communication using files is not
‘fast as using standard software, like PVM, we decided to do so for two reasons, First
want to ensure easy portability of our code. Second, since every processor executes
€ separation heuristic for many facets, we have a very coarse granularity and the
munication overhead is negligible. We use the following semaphore concept. Ev-
7 processor of the parallel machine and the host is linked by a message and a data
annel”. At any time the pair of “channels” is either owned by the host or by the
cessor. This means either the host or the processors are allowed to write to the as-
ted files. In detail, after writing the LP-solution, the host swiiches the ownership.
right to write now stays at the processors of the parallel macaine until they have
hed their work. Using a third “channel”, the host can send an interruption signal
€ Processors.

The heuristic basically works as follows. ‘ .

Tn a first preprocessing step we shrink paths in (&, E) that consist of t.edges e wil
%, = | to single nodes. Depending on the chosen strategy this procedure is perfor
repeatedly. We denote the shrunken graph by (G, #) = (V', E, 2’).

The second step can be seen as the core of the procedure. Let fr < fobeas
facet-inducing inequality in k-normal form defined on k nodes, having k —r, r-
supporting nodes. In the graph ((¥',z') we search for a subset of £ —r ;_Jodes,
that a small facet-inducing inequality in A-normal form is violated on this suI?se_
nodes. We assume that V'] = k. First we construct a subset of nodes W C V',

W > k - r for which
Wiz Z(E(W))
| W |

has a large value in the following way:

(1) Choose a center node v € V', set W = {v}

(2) While [W|<k—r
st W=Wu{veV' :JueW:z,, >0}

(3) While [W]>p
{where p is some parameter k—r < p < k -r+45) I
set W = W\ {u} with ¥,cmu) Tow = Milwew Luew(u) Fun

Having computed W in this way, we choose an arbitrary subset .P CWolk
nodes. We assign the k — r nodes of P to the & — 7 nodes suppo.rtmg the facet
evaluate fz'. If fr' > fo, a violated inequality is Ecn%nd, otherwise we try to ﬁn
better assignment of k — r nodes to the nodes suppc.»rtmg the facet. This can be d
by varying the assignment of P to the nodes supporting thn.a f‘a.cet or by replacing o
of P by nodes of W ¢ P. We have used improvemeat heuristics based on the ch
two nodes (2-opt) and on the change of three nodes (I3-Dpt).' It t-urned out to be be
not to stop the improvement as scon as a violated inequality i found,. but- to t
increase the left hand side further to obtain an inequality with higher v1olat1031.

If we have found a viclated inequality we finally perform a lifting ?peratlo 3
the nodes that we have shrunk above. By the properties of the shrh.'lkmg p_mce
2 violated inequality in the shrunk graph corresponds to a violated inequality

original graph.

omputational results

he incorporation of the small facet separation into the branch & cut code for
ing the TSP can be accomplished according to several strategies. In this section we
rt about first experiments.
‘he first question to be anawered is whether it is useful at all to put effort into small
separation. To this end, we ran the code described in section 4 on a number of
cly available TSP instances from TSPLIB ([6],[7]) with the following strategy, Ev-
ime the standard branch & cut code did not find any violated inequality, heuristics
mall facets were executed, All violated inequalities identified by these heuristics
dded to the current linear program. These additional inequalities should provide
er LP relaxations than the standard version and, therefore, lead to a reduction in
umber of nodes in the branch & cut tree.
le 2 compares the new code with the standard code, Column 1 gives the name of
blem instance, column 2 contains the number of nodes in the branch & cut tree
small facet separation, column 3 gives the total number of violated inequali-
otind b¥ our separation heuristics, and column 4 gives the n:mber of tree nodes
ting when these inequalities are added. Note that each problem name contains the
the problem, e.g. gil262 is a TSP with 262 cities.
 table displays an enormous reduction in the number of nodes, thus verifying
eed tighter LP relaxations were obtained and that small facet separation proved
ful.
ver, with the first approach cutlined here, CPU times could only be reduced
cises. In general, CPU times were higher compared to the standard version.
be credited to the following facts.

4. Iruplementation /Parallelization

Qur implementation uses the branch & cut code for solving T.he TSP describe
enhanced by the heuristics for small facet separation. The available hardware
of a 4 processor PARSYTEC POWER XPLORER based on Power PC 601 pro
using a SUN SPARCSTATION 20 as front-end.

The basic setup is the following. The core of the bra.nch.&e: cul code'(ba.xg
the code of [3]) runs on the SUN front-end. Since the emphasis of the pr?_]ect ig
evaluation of the usefulness of small facet separation, we decided to pa.raliel}ze :
corresponding heuristics. There are, of course, further options for parallelizati
niore general approach, but we do not elaborate on this. ] :

Whenever the standard branch & cut code is not able to find an inequality
rating the current fractional LP-solution, this solution is slent to each Processor
paralle]l machine, Every processor is responsible for a certain subset of the gall
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Table 2: Computationa) results

problem standard | small fa.ceﬁ
nodes cuts | nodes
£il262 6 98 2
grl20 2 26 0
g1229 60 742 32
lin318 18 197 12
pris2 8 160 6
pr209 102 || es4) 32
ratl9s 26 317 32
81175 458 || 1240 | 152
8i530 394 543 84
sil032 2 7 2

s Since more cutting planes are added, the LPs to be solved get larger and
difficult.

o Although derived from «gmall” facets, the inequalities added are dense and
fore cause further difficulties for the LP solver

» We nsed very general data structures for reprzsenting the new inequalities W

were not optimized for the pricing routine. For this reason, also pricin

increased.

s The cutting plane generation strategy may tot be the optimum one. Sind
LPs tend to become harder with the new inequalities, one has to find out
ones and how many should be added.

But, in any case, our conclusion is that it is worthwhile to investigate il
generation approach further. Improvernent possibilities are, €&, the following o

o Speed up of cut generation heuristics by usitg appropriate data structure:

s Development of further cut generation procedures.

o Among the many classes of small facets, ideatification of a subset of mosi:
ones that should be considered with pricrity. .

» Development of appropriate cut generation strategies {with respect to.]
and type of inequalities that are added). :

Tt should be emphasized that the approach discussed here is not limited to 1
eling salesman problem. Due to its generality, it an be applied to other combi

optimization problems as well. Once a collection of small facets for some pro_b‘

known and lifting of these facets is possible, implementation of first heuristi

scribed above is fairly easy. In particular, if already available separation algo
are not as sophisticated as for the T SP, improvements in the solution process
be significant. Moreover, the approach is partiailarly suited for making use:

cuelv parallel hardware. In fact, it strongly depends on the availability of
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