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ABSTRACT
The coupled task problem is to schedule jobs on a single
machine where each job consists of two subtasks and where
the second subtask has to be started after a given time in-
terval with respect to the first one. The problem has several
applications and is NP-hard. In this paper we present a
branch-and-bound algorithm for this problem and compare
its performance with integer programming models.

Categories and Subject Descriptors
H.4 [Information Systems Applications]: Miscellaneous

1. INTRODUCTION
In this presentation we consider the so called Coupled Task
Scheduling problem. This problem can be defined as follows:
we are given n jobs and each job consists of two distinct
sub-tasks. The sequence of the sub-tasks is fixed and there
is a fixed length delay-time between the two parts. We can

⇤This work was supported by the European Union and
the European Social Fund through project ” Supercom-
puter, the national virtual lab” grant no.: TAMOP-4.2.2.C-
11/1/KONV-2012-0010.

denote job Ji by a triple (ai, Li, bi), where the values repre-
sent the processing time of the first sub-task, the delay time
between the two sub-tasks and the processing time of the
second sub-task, respectively. It is required that the second
sub-task must be scheduled exactly Li+ai units after having
started the first one. During the delay time the machine is
idle, so it is possible to schedule other sub-tasks in this in-
terval. The aim is to schedule the given n coupled-tasks on
one machine in such a way that no two job tasks can overlap.
We want to minimize the latest finishing time of the jobs.
(As usual we call this as the makespan and we denote it by
Cmax). Preemption, i.e., interrupting a task and resuming
it later is not allowed.

The general problem (1|Coup-Task|Cmax) first was investi-
gated by Shapiro [4]. He discussed the practical applica-
tions of the problem and presented 3 heuristics for this hard
problem. It is proved that this problem is NP-hard (see
[3]). Unfortunately, the author did not analyze the heuris-
tics in detail, only experimental results showed their e�-
ciencies. Orman and Potts investigated the problem from
complexity point of view (see [2] ). Later Sherali and Smith
gave a mathematical formulation for the problem [5]. In
this presentation we deal with the optimal solution of the
general problem. We present a new combinatorial branch-
and-bound algorithm, which works without using linear pro-
gramming or other similar techniques. In addition to this we
introduce new 0-1 programming formulations and compare
the models computationally to the one given by Sherali and
Smith.
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2. THE BRANCH-AND-BOUND METHOD
The branch-and-bound method works in a combinatorial
way. This means that the bounds of the nodes of the B&B
tree are calculated from the combinatorial structure of the
schedule. Each node represent a subset of the jobs, where
the sub-tasks are ordered in a given way. Child nodes are
created by inserting a new job to the current list in all pos-
sible ways. To decide the feasibility of a given permutation
of the sub-tasks a feasibility test algorithm is developed. In
case of a feasible schedule the output of the procedure is a
set of time windows representing the possible starting times
of the sub-tasks. Infeasible schedules are cut-o↵ immedi-
ately from the tree. For node selection the dive-and-best

strategy is applied. Its advantage that it finds good feasi-
ble solutions fast and it tries to compute tight bounds. For
selecting the next node to be processed the best-bound-first

strategy is used, i.e. the child node with the best lower
bound is selected. For larger problems the tree may con-
tain huge number of nodes. To improve the e�ciency of the
algorithm di↵erent kind of bounding procedures can be ap-
plied. In this case we use four specific methods, which can
e↵ectively decrease the computational time by pruning the
tree. The proposed methods are based on the analysis of
the gaps in the schedule and they give specific lower bounds
on the makespan. Besides bounding it is also important
to exclude nodes with symmetric properties from the tree.
This is done by introducing blocks and lexicographic order-
ing of the schedules. Computational studies prove that this
branch-and-bound method is more e↵ective than the math-
ematical programming approaches.

3. THE INTEGER PROGRAMMING FOR-
MULATIONS

Our presentation contains di↵erent 0-1 programming for-
mulations. Here we present the time-indexed formulation,
which is common for modeling machine scheduling problems.
The basic ideas of this method were already presented in [1].

To get the optimal schedule we want to minimize M , which
is an upper bound on the makespan. To do this we define
an optimization problem, which decides if all jobs can be
scheduled in the interval [0,M ]. Then we can calculate the
optimal value of M by a binary sarch. To give the opti-
mization problem, we need binary variables yjt and zjt for
j = 1, ..., n and t = 0, ...,M . The interpretation of these
variables is the following:

yjt =

(
1 job j is started at time t,

0 otherwise

and

zjt =

(
1 a sub-task of job j occupies the machine in time interval [t, t+ 1],

0 otherwise.

There is a connection between the variables yjt and zjt,
namely

zjt =
tX

s=t�aj+1

yjs +

t�aj�ljX

s=t�aj�lj�bj+1

yjs, for 0  t  M.

Note that we ignore the variables yjs with s < 0 here. Using
these notations the corresponding optimization problem is

the following:

max
nX

j=1

M�1X

t=0

yjt

subject to

M�1X

t=0

yjt  1, for j = 1, 2, ..., n (1)

nX

j=1

zjt  1, for t = 0, 1, ...,M � 1 (2)

nX

j=1

zj0 = 1 (3)

yjt = 0, for t = M � aj � lj � bj + 1, ...,M � 1(4)

j = 1, ..., n, (5)

where inequalities (1) ensure that every job is scheduled at
most once and inequalities (2) ensure that no two sub-tasks
overlap. Using (3) we enforce that the schedule starts as
early as possible and because of constraints (4) each job is
started only if it can be completely processed.

According to computational studies this formulation can
provide good results for some special instances.
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